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The mechanics of crack initiation and propagation beneath a moving sharp indentor is 
investigated. Stresses generated beneath the indentor for selected horizontal-to-vertical 
load ratios are used in conjunction with an appropriate fracture mechanics solution to 
predict the propagation depth of penny cracks. Results predicted by the model are 
compared to those obtained in single point scratching and grinding experiments with soda 
lime glass. 

1. I n t r o d u c t i o n  
A need to optimize the processes associated with 
the shaping of brittle materials has generated a 
great deal of recent effort in the area of indenta- 
tion fracture mechanics [1 -5 ] .  These investiga- 
tions have focused on the fundamental phenomena 
associated with fracture initiation and propagation 
beneath both sharp and blunt indentors. They 
utilize a suitable elasticity solution for the stress 
field prior to initiation and a fracture mechanics 
solution to describe the propagation phase. 

For the case of sharp indentors, the elastic 
stress field prior to fracture initiation has been 
described through classical elasticity solutions for 
point loading of a half-space such as the Boussinesq 
solution [6], the Mitchell solution [7] and the 
Mindlin solution [8]. For blunt indentors, the 
elastic stresses prior to fracture initiation are 
usually generated from the Hertz solution [9]. 

Initiation is assumed to take place at dominant 
flaws such as grain boundaries, inclusions or 
microcracks. Stable propagation following initia- 
tion can be treated in a more quantitative fashion 
by utilizing suitable fracture mechanics solutions 
to predict the extent of damage for a given flaw 
configuration, specimen geometry and loading 
condition [10, 11]. 

This paper treats the mechanics of crack 
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initiation and propagation beneath a moving sharp 
indentor. The Mitchell solution [7] is used for 
the generation of the elastic stress field beneath 
the indentor for selected horizontal-to-vertical 
load ratios assuming a quasi-static loading con- 
dition. The stress field, for each lnnd condition. 
is generated on planes parallel and perpendicular 
to the path of the moving indentor. Load ratios 
were selected to conform to the ranges encountered 
in single point scratching and grinding experi- 
ments previously conducted. Resultant stress 
fields beneath the indentor are examined to 
determine critical locations for fracture initiation 
under mode I and mixed-mode conditions. A stress 
intensity factor solution previously utilized by 
Lawn and Swain [3] is adopted to predict depth 
of damage for selected horizontal-to-vertical load 
ratios. Results predicted by the model are com- 
pared to those obtained in single point scratching 
and grinding experiments with soda lime glass. 

2. Stress distributions 
Referring to Fig. 1, the Mitchell solution was first 
utilized to generate the normal stresses or, ao, ar 
and shear stress TrO in both the plane of motion of 
the indentor, r = 0 ~ and in the ptane perpen- 
dicular to the plane of motion, r = 90 ~ The 
general form of the solution is given as 
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Figure 1 Coordinate system beneath moving indentor. 
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where F is the vertical load, F'  is the horizontal 
load, X and # are Lame's constants, and r, 0 and 
~b represent the polar coordinates. 

Resultant non-dimensionalized stresses in the 
plane of motion of the indentor are shown in 
Fig. 2 for selected horizontal-to-vertical load 
ratios. These results should be interpreted with 
special attention being given to regions of relatively 
high tensile stresses, as these stresses are likely to 
lead to crack initiation and propagation. Thus, the 
radial stresses o, in the region behind the contact 
point increase positively with increasing 
horizontal-to-vertical load ratio leading one to 
expect crack initiation and propagation per- 
pendicular to the track. Lawn and Wilshaw [12] 
illustrated cracks of this type. Similarly, the 
in-plane hoop stresses o0 show increasing tensile 
values ahead of the contact point with a corres- 
ponding increase in in-plane shearing stresses for 
increasing horizontal-to-vertical toad ratios. This 
stress state could lead to mixed-mode fracture 
resulting in chip removal and can be investigated 
with appropriate fracture mechanics solutions 
[13-15] .  Finally, the out-of-plane hoop stresses 
o h show a tensile stress increase ahead of the 
contact point for increasing horizontal-to-vertical 
load ratio. This stress is expected to cause initiation 
and propagation of median cracks beneath the 
tool. These cracks are principally responsible for 
strength degradation and were selected as the 
major topic of this investigation. Stress distribu- 
tions in the plane perpendicular to the plane of 
motion of the indentor were found to be indepen- 
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dent of the horizontal force and are given by the 
curves labelled F' = 0  in Fig. 2. 

3. Failure model 
The failure model assumes that median vent cracks 
are adequately modelled as embedded penny 
cracks. The penny cracks are assumed to initiate 
on the boundary of a disturbed (plastically 
deformed and locally shear cracked) zone ex- 
tending a distance Zo beneath the surface and 
propagate to a final distance c as shown in Fig. 3 
for q5 = 0 ~ Utilizing an approach similar to Lawn 
and Swain [3], the stress intensity factor for this 
case is given as 

g i - - -  2 rg2 r2,1/21 . (2)  
- 7r Z o  ~, ) ] 

Examination of this expression indicates that the 
stress intensity factor is dependent on the depth of 
the disturbed zone, Zo, and the out-of-plane 
hoop stress distribution, oh(r), beneath the tool. 

The parameter Zo, representing the lower limit 
of the integral in Equation 2, is assumed to be 
primarily dependent on shear flow and cracking 
along the maximum shear stress trajectories 
beneath the tool. Physical evidence of such flow 
and precracking prior to initiation and subsequent 
propagation of penny cracks for sharp indentors 
has been shown by Swain [16]. Assuming that the 
extent of disturbed zone is controlled by the mag- 
nitude of the maximum shear stress beneath the 
tool and the critical mode II stress intensity factor, 
Kne one can define a parametric relationship for 
the extent of shear flow and cracking by utilizing 
Equation 1 and the expression for the maximum 
shear stress as 

, =  + 
2 ) 

Such a computation directly beneath the indentor 
(0 = 0 ~ for either the plane of motion (4) = 0 ~ or 
the plane perpendicular to the plane of motion 
(q~ = 90 ~ indicates that 

Zo (x F 1/2 . O )  

The extent of shear flow and cracking prior to inti- 
ation of the penny crack is thus controlled by the 
square root of the vertical load. Computations also 
indicate that the horizontal load component has 
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Figure 2 Non-dimensionalized stresses in plane of motion of indentor for selected load ratios. 

very little influence on the extent of the disturbed 

zone directly beneath the indentor.  

The out-of-plane hoop stress for the plane 

= 0 ~ directly beneath the indentor (0 = 0 ~ is 

given as 

FQ 
o ,  (r) - 87rr 2 (5) 

where F is the vertical load, r the distance beneath 
the indentor,  and Q a factor which represents the 

increase in out-of-plane hoop stress for a cor- 

F"=O ~ Plone ~:)= 0 ~ 

Figure 3 Assumed relationship of disturbed zone and 
penny crack beneath tool. 

responding increase in horizontal-to-vertical load 

ratio. This increase, indicated in Fig. 2d for 
horizontal-to-vertical load ratios considered in this 

investigation, is shown in Table I. 

Substitution of Equation 5 into Equation 2 and 

integrating gives 

0.02 e a  (6) 
KI- (clnZo) 

Introducing the mode I critical stress intensity 

factor Kzc, an expression for the maximum 
propagation depth of the penny crack is obtained 

as 
0 .02FQ 2 

c = - -  (7) 
KIcZo 

T A B L E I Effect of load ratio on out-of-plane hoop 
stress 

Load Ratio (F'/F) Location of Maximum (ar Q 

0 0 ~ 1.00 
1 30 ~ 1.40 
2 40 ~ 2.25 
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The depth of damage is thus seen to increase with 
a corresponding increase in horizontal load (in- 
creased Q) and the penny cracks are shown to be 
shifted forward ahead of the tool. For materials 
with extensive shear flow and cracking (large Zo), 
the depth of damage and resultant strength degra- 
dation wili be reduced. 

For the plane perpendicular to the plane of 
motion of the tool, the horizontal load does 
not affect the out-of-plane hoop stress (Q = 1) 
indicating that the penny cracks will propagate to 
greater lengths in the plane of motion of the tool. 
Mecholsky, Freiman, and Rice [17] have shown 
that glass specimens fractured by stresses applied 
perpendicular to the (multipoint) grinding direc- 
tion fail at lower stresses than those in which 
the applied stresses are parallel to the grinding 
direction. This result indicates that cracks in the 
plane of motion of the tool are deeper than those 
perpendicular to this plane. 

4. Experimental evaluation 
The failure model was evaluated using data from 
scratching and single point grinding experiments 
on soda lime glass [18]. Glass plates (10.5 cm • 
4.5 cm x 0.6 cm) were scratched by 75 ~ cone 
wheel dressers using four ratios of horizontal- 
to-vertical load and the depth of damage was 
measured. In the case of the grinding experi- 
ments, soda lime glass plates (13.0 cm x 5.2 cm x 
6.4 cm) were machined by single point grinding. 
Horizontal-to-vertical load ratios achieved during 
grinding were recorded and the depth of damage 
was again measured. 

Comparison of predicted and measured results 
was made by rewriting Equation 7 as 

FQ = Kic  cl/2 (8) 
Zo 0.92 

where Kic/0.02 = 3.5 x 107PaM 1/2 for soda lime 
glass. Experimental data is compared to Equation 
8 in Fig. 4 for both the scratching and single point 
grinding tests. Experimental and predicted results 
show reasonable agreement. 

5. Discussion and conclusions 
The mechanics of fracture initiation and propaga- 
tion beneath moving diamond tools can be 
adequately described by fracture mechanics 
analysis. The analysis involves the use of the 
Mitchell Solution for the determination of stress 
distributions beneath the indentor for selected 
horizontal-to-vertical load ratios and a fracture 
mechanics solution for embedded penny cracks. 
Shear flow and cracking prior to initiation is con- 
sidered as is the effect of the horizontal-to-vertical 
load ratio. 

The analysis also shows that the horizontal load 
imparted to the specimen does not influence 
stresses perpendicular to the plane of motion of 
the tool. Therefore, horizontal loads are not 
expected to influence crack initiation and propaga- 
tion in the plane perpendicular to the plane of 
motion. 

The investigation also defines two other failure 
modes. The first, associated with the radial stress 
distribution behind the tool, is expected to result 
in U-shaped cracks in the track. The second, 
associated with the in-plane hoop and shear stresses 
ahead of the tool, should result in mixed mode 
failure and chipping to the surface. Both of these 
topics will be the subject of future investigations. 
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Figure 4 FQ/Z o versus c I~2 for scratch- 
, ing and single point grinding of glass 
plates. 



In a d d i t i o n ,  fu tu re  inves t iga t ions  will be d i r ec ted  

t o w a r d  an  i m p r o v e d  u n d e r s t a n d i n g  o f  shear  f low 

and  c rack ing  in the  d i s tu rbed  zone  as i t  is fe l t  t h a t  

c rack  in i t i a t ion  sites for  m a n y  s igni f icant  fa i lure  

m o d e s  are l oca t ed  in this  region.  
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